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Abstract
In this paper, we give some interesting identities which are derived from the basis of
Genocchi. From our methods which are treated in this paper, we can derive some
new identities associated with Bernoulli and Euler polynomials.
MSC: 11B68; 11S80
1 Introduction
As is well known, the Genocchi polynomials are deﬁned by the generating function to be
t
et + e










with the usual convention about replacing Gn(x) by Gn(x).
In the special case x = , Gn() =Gn are called the nth Genocchi numbers. From (), we
note that





where δn,k is the Kronecker symbol.











Thus, by () and (), we see that
d
dxGn(x) = nGn–(x), degGn(x) = n – . ()
The nth Bernoulli polynomials are also deﬁned by the generating function to be
t
et – e










with the usual convention about replacing Bn(x) by Bn(x).
In the special case x = , Bn() = Bn are called the nth Bernoulli numbers. By (), we get
B = , Bn() – Bn = δ,n
(
see [, , ]
)
()
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The Euler numbers are deﬁned by
E = , (E + )n + En = δ,n. ()
The Euler polynomials are deﬁned by











Let Pn = {p(x) ∈Q[x] | degp(x)≤ n} be the (n+ )-dimensional vector space overQ. Prob-
ably, {,x, . . . ,xn} is the most natural basis for Pn. But {G(x),G(x), . . . ,Gn+(x)} is also a
good basis for the space Pn for our purpose of arithmetical applications of Genocchi poly-
nomials. Let p(x) ∈ Pn. Then p(x) can be expressed by p(x) =∑≤k≤n+ bkGk(x).
In this paper, we develop some newmethods to obtain some new identities and proper-
ties of Genocchi polynomials which are derived from the Genocchi basis.
2 Genocchi basis and some identities of Genocchi polynomials
Let us take p(x) ∈ Pn. Then p(x) can be expressed as a Q-linear combination of G(x),




bkGk(x) = bG(x) + bG(x) + · · · + bn+Gn+(x). ()
Now, let us deﬁne the operator ˜ by
˜p(x) = p(x + ) + p(x). ()
Then, by () and (), we set





Gk(x + ) +Gk(x)
)
. ()









(x+)t + tet + e
xt . ()
By (), () and (), we get
Gn+(x + ) +Gn+(x)
n +  = x
n. ()
From () and (), we get
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k(k – ) · · · (k –  – r + )bkxk––r . ()






= (r + )!br+. ()








where p(r)(a) = drg(x)dxr |x=a.
Therefore, by () and (), we obtain the following theorem.

































{δn,k + Bn–k+}. ()











 ( + B)Gn(x) +

(n + )Gn+(x)








n + Gn+(x). ()
Therefore, by (), we obtain the following theorem.
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{δn–k+, – En–k+ + En–k+}


































Continuing this process, we get
dkp(x)
dxk = p








From (), we have
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By (), we get
Bl+–k()Bn–l() = (δl+–k, + Bl+–k)(δn–l, + Bn–l)
= {δk,n– + Bn–k + Bn–k + Bl+–kBn–l}. ()
From () and (), we have
p(k–)() = (n + )!(n +  – k)!
{






By Theorem , p(x) =
∑












= (n + )!k!(n +  – k)!
{






Thus, by () and (), we get



















Therefore, by () and (), we obtain the following theorem.
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